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Abstract
Malliavin’s celebrated theorem on the failure of spectral synthesis for the Fourier algebra A(G) on
nondiscrete abelian groups was strengthened to give failure of weak synthesis by Parthasarathy and Varma.
We extend this to nonabelian groups by proving that weak synthesis holds for A(G) if and only if G is
discrete. We give the injection theorem and the inverse projection theorem for weak X-spectral synthesis,
as well as a condition for the union of two weak X-spectral sets to be weak X-spectral for an A(G)-
submodule X of VN(G). Relations between weak X-synthesis in A(G) and A(G×G) and the Varopoulos
algebra V (G) are explored. The concept of operator synthesis was introduced by Arveson. We extend sev-
eral recent investigations on operator synthesis by defining and studying, for a V∞(G)-submodule M of
B(L2(G)), sets of weak M-operator synthesis. Relations between X-Ditkin sets and M-operator Ditkin
sets and between weak X-spectral synthesis and weak M-operator synthesis are explored.
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Let G be a locally compact group and let A(G) be the Fourier algebra introduced and studied
by Eymard [3]. A classical, but still actively investigated problem, going back to L. Schwartz,
R. Godement, P. Malliavin and others, is that of spectral synthesis. Malliavin’s celebrated theo-
rem on the failure of spectral synthesis says that, in the abelian case, spectral synthesis holds
in A(G) precisely when G is discrete. A weaker form of spectral synthesis introduced by
Warner [23] has attracted much attention (see, e.g., [7,8,11,15]). Malliavin’s theorem was ex-
tended to weak synthesis by Parthasarathy and Varma [15] who showed that weak synthesis fails
in A(G) for every nondiscrete abelian group. In Section 3 of this paper, we prove that the same
result holds for nonabelian groups as well (Theorem 3.5): weak synthesis holds in A(G) if and
only if G is discrete.
As a generalisation of spectral synthesis, the concept of spectral synthesis with respect to an
A(G)-submodule X of the group von Neumann algebra VN(G) (which is the Banach space dual
of A(G)) was introduced and studied by Kaniuth and Lau [9]. (This reduces to spectral synthesis
when X = VN(G).) This study has been carried forward by Parthasarathy and Prakash [12,13].
We introduce the concept of weak X-synthesis in Section 3 and prove the injection theorem,
the inverse projection theorem and the result that the union of two weak X-spectral sets is a
weak X-spectral set if and only if each one of them is, provided their intersection is a weak
X-Ditkin set. Some relations between weak X-synthesis in A(G) and in A(G×G) are given in
Section 4.
In [22], Varopoulos gave his famous proof of Malliavin’s theorem using tensor product meth-
ods. One of the ingredients of his proof was a result that he obtained connecting spectral synthesis
in A(G) for a compact abelian group G and spectral synthesis in the Varopoulos algebra V (G)
which is the projective tensor product C(G) ⊗π C(G). For nonabelian groups, this relation has
been studied by Spronk and Turowska [18] and Parthasarathy and Prakash [12]. Section 5 of this
paper contains an analogue of this relation in the context of weak X-synthesis.
In another direction, the concept of operator synthesis was introduced by Arveson [1]. He also
discovered connections between spectral synthesis and operator synthesis on compact abelian
groups. Arveson’s study was carried further by Froelich [5]. More recent investigations on oper-
ator synthesis, including this study on compact nonabelian groups, can be found in the works of
Shulman and Turowska [19,20], Spronk and Turowska [18] and Parthasarathy and Prakash [13].
Very recently, Ludwig and Turowska [10], relying on the work of Spronk [17] on completely
bounded multipliers of the Fourier algebra, have succeeded in obtaining the relations between
spectral synthesis and operator synthesis on noncompact groups.
The two threads, those of X-synthesis and operator synthesis, are tied up in [13] with the
introduction of the concept of M-operator synthesis, where M is a V∞(G) (:= L∞(G) ⊗w∗h
L∞(G))-submodule of B(L2(G)), and presentation of relations between X-synthesis and M-
operator synthesis.
Ditkin sets satisfy an apparently stronger condition compared to sets of spectral synthesis.
Shulman and Turowska [19,20] studied the operator analogue of these, defining operator Ditkin
sets. In the final section of this paper, we define M-operator Ditkin sets and prove the operator
synthesis analogue of Theorem 3.12: the union of two M-synthetic sets is M-synthetic if and
only if each of them is, provided their intersection is an M-Ditkin set (Theorem 6.2). Theo-
rem 6.4 gives a relation between X-Ditkin sets and operator M-Ditkin sets for a suitable M
associated to X. We conclude the paper with Theorem 6.11 which relates weak X-synthesis to
weak operator M-synthesis.
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We begin by introducing some of the required preliminary concepts and definitions in Sec-
tion 2.
2. Preliminaries
The group von Neumann algebra VN(G) of a locally compact group G is generated by the
(left) regular representation of G. Its predual is the Fourier algebra A(G) consisting of the coef-
ficient functions of the regular representation. It is a commutative, semisimple, regular Banach
algebra with Gelfand structure space G. VN(G) has a natural A(G)-module structure given by
〈u.T , v〉 = 〈T ,uv〉 for u,v ∈ A(G) and T ∈ VN(G). The support of T ∈ VN(G) is the closed set
suppT = {x ∈ G: u(x) = 0 ⇒ u.T = 0}. For all these and more on A(G) and VN(G), the basic
reference is Eymard’s path-breaking paper [3].
For a compact group G, the Varopoulos algebra is the Haagerup tensor product V (G) =
C(G) ⊗h C(G). It consists of continuous functions v on G × G which have representations of
the form
∑
ϕi ⊗ψi and
‖v‖V = inf
∥∥∥∑ |ϕi |2∥∥∥1/2∞
∥∥∥∑ |ψi |2∥∥∥1/2∞
over all such representations, where
∑ |ϕi |2, ∑ |ψi |2 are (uniformly) convergent in C(G).
V (G) is a commutative, semisimple, regular Banach algebra with Gelfand structure space G×G.
We shall also need the Banach algebra V∞(G) that is the weak-∗ Haagerup tensor product
L∞(G) ⊗w∗h L∞(G) (see [18]). For our purposes elements of V∞(G) are functions (up to
marginally null sets) on G × G of the form w = ∑∞1 ϕn ⊗ ψn where ϕn,ψn are in L∞(G)
and the series is weak-∗ convergent. (A marginally null set is a subset of a set of the form
E ×G∪G× F where E, F have measure zero.) Moreover,
‖w‖V∞ = inf
{∥∥∥∑ |ϕn|2∥∥∥1/2∞
∥∥∥∑ |ψn|2∥∥∥1/2∞ : w =
∑
ϕn ⊗ψn
}
with the series
∑ |ϕn|2 and ∑ |ψn|2 converging in the weak-∗ topology. If T (G) is the projective
tensor product L2(G)⊗π L2(G), then its dual is identified with B(L2(G)) via the pairing given
by 〈S,f ⊗ g〉 = 〈Sf, g¯〉, f,g ∈ L2(G), S ∈ B(L2(G)), where on the right we have the L2(G)-
inner product. Moreover, V∞(G) is the algebra of multipliers of T (G):
V∞(G) = {w: w is a complex function on G×G and mw :ω → w.ω
is a bounded linear map on T (G)
}
with ‖w‖V∞(G) = ‖mw‖ (see [18]). Two functions w and w′ in V∞(G) are identified if they dif-
fer on a marginally null set. From [18], we also have the contractive embedding J :V∞(G) →
T (G), Jw = mw(1 ⊗ 1). Each w ∈ V∞(G) gives rise to a map Tw : B(L2(G)) → B(L2(G))
defined as follows: if w = ∑ϕn ⊗ ψn, then Tw(S) = ∑MϕnSMψn . For more on V (G) and
V∞(G) see [18]. An element ω = ∑∞1 fn ⊗ gn ∈ T (G) may be considered as a function
ω(x, y) =∑∞1 fn(y)gn(x) for marginally almost all (x, y) ∈ G×G. For such an ω,
suppω = {(x, y) ∈ G×G: ω(x, y) = 0}
is defined up to marginally null sets. For a closed set F ⊆ G×G, define
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ψ(F ) = {ω ∈ T (G): suppω ∩U = ∅ for some open U ⊇ F},
Ψ (F ) = ψ(F).
If Φ(F) = Ψ (F), then F is called a set of operator synthesis (or is said to be synthetic).
3. Weak X-synthesis
Let A be a commutative, semisimple, regular Banach algebra with Gelfand space (A). For
a closed set E in (A), let
jA(E) = {a ∈ A: â has compact support disjoint from E},
JA(E) = jA(E),
IA(E) = {a ∈ A: â = 0 on E}.
All the three sets are ideals in A with zero set E and jA(E) ⊆ I ⊆ IA(E) for any ideal I with
zero set E. E is said to be a set of weak spectral synthesis (or a weak spectral set) for A if there
is a positive integer n such that u ∈ IA(E) implies un ∈ JA(E). As pointed out in the case of
A(G), the Banach space dual A∗ has a natural A-module structure and the support of T ∈ A∗ is
defined analogously. For an A-submodule X of A∗, Kaniuth and Lau [9] introduced the concept
of X-spectral sets which reduces to spectral sets when X = A∗. For a closed set E ⊆ (A), the
present authors [12] considered the sets
IXA(E) =
{
u ∈ A: 〈T ,u〉 = 0 for every T ∈ X ∩ IA(E)⊥
}
,
JXA(E) =
{
u ∈ A: 〈T ,u〉 = 0 for every T ∈ X ∩ JA(E)⊥
}
and proved that E is X-spectral if and only if these ideals are equal. This leads to the following
natural definition.
Definition 3.1. A closed set E ⊆ (A) is called a weak X-spectral set for A if there exists a
positive integer n ∈ N such that un ∈ JXA (E) for all u ∈ IA(E). The smallest such n is denoted
by ξX(E).
Remark 3.2. When X = A∗, we get the weak spectral sets studied by earlier authors. We also
write ξ(E) for ξA∗(E).
Proposition 3.3. Let E be a closed subset of (A). Let X be an A-submodule of A∗. Then the
following are equivalent.
(i) E is of weak X-synthesis for A.
(ii) There is a positive integer n such that if T ∈ X, suppT ⊆ E and u ∈ IA(E), then
〈T ,un〉 = 0.
(iii) There is a positive integer n such that u1u2 . . . un ∈ JXA(E) for every choice of u1, u2, . . . ,
un ∈ IA(E).
Proof. Suppose (i) holds and ξX(E) = n. If u ∈ IA(E) then un ∈ JXA (E). Thus if T ∈ X and
suppT ⊆ E, so that T ∈ X ∩ JA(E)⊥, we have 〈T ,un〉 = 0 and (ii) holds. Conversely, suppose
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Definition 3.4. We say that weak spectral synthesis holds for A(G) if every closed set E in G is
a set of weak spectral synthesis for A(G).
In [15], it was proved that weak synthesis fails in A(G) for any nondiscrete locally compact
abelian group G, strengthening the celebrated result of Malliavin on the failure of spectral syn-
thesis. The next theorem extends this to the nonabelian case. (This result appears in the second
author’s doctoral thesis submitted to the University of Madras in September 2006.) This has been
proved independently by Kaniuth [8, Theorem 4.3]. (We thank Professor Kaniuth for bringing his
work to our attention.) He first proves (the harder part of) the theorem for connected Lie groups
using a deep theorem of Zelmanov [24] and the result of [15] on the failure of weak synthesis
on nondiscrete abelian groups. He then reduces the general case to this case utilising structure
theorems and another appeal to Zelmanov’s result. Our method is different, using a result of
Forrest [4] instead, although we still need the results of Zelmanov [24] and Parthasarathy and
Varma [15].
Theorem 3.5. Weak spectral synthesis holds for A(G) if and only if G is discrete.
Proof. Assume that weak spectral synthesis holds for A(G). Then by [4, Corollary 4.4] G is
totally disconnected. Suppose G has an infinite compact open subgroup K . By a theorem of Zel-
manov [24], there is an infinite compact abelian subgroup H in K . Hence weak spectral synthesis
holds for A(H) by assumption and the injection theorem for weak synthesis (see Theorem 3.6
below, for example). But this is a contradiction since weak synthesis fails for nondiscrete abelian
groups [15, Theorem 3.1]. Therefore compact open subgroups of G are finite and, since G has a
neighbourhood base of compact open subgroups, this implies that it is discrete.
Conversely, suppose that G is discrete and let E be a subset of G. Let u ∈ IA(G)(E) and
let T ∈ VN(G) with suppT ⊆ E. Then 〈T ,u2〉 = 〈u.T ,u〉 = 0 since u.T = 0 as suppu.T ⊆
suppu∩ suppT = ∅. Thus ξ(E) 2. (For other proofs of this part, see [8,11,23].) 
Next, we consider the injection theorem which relates synthesis in a subgroup to that in the
bigger group. The injection theorem for abelian groups is due to Reiter (see [16]). The theorem in
the context of X-synthesis, when X is an A(G)-submodule of VN(G), can be found in Kaniuth
and Lau [9] and Parthasarathy and Prakash [12]. (For an injection theorem in the setting of
abstract commutative Banach algebras, see Kaniuth [8].)
Let VNH (G) denote the weak-∗ closed span of {λG(h): h ∈ H } in VN(G) where H is a closed
subgroup of G and λG is the left regular representation of G. Let, as usual, VN(H) be the group
von Neumann algebra of H . It is well known (Herz [6]) that the restriction map r :u → ru := u|H
is a continuous linear surjection of A(G) onto A(H). The adjoint map r∗ : VN(H) → VN(G)
is an injection whose range is VNH (G). For an A(G)-submodule X of VN(G), we consider
XH = r∗−1(X), an A(H)-submodule of VN(H). Note that XH = VN(H) when X = VN(G).
Theorem 3.6 (Injection theorem for weak X-spectral sets). Let X be an A(G)-submodule
of VN(G). Let H be a closed subgroup of G and E ⊆ H be closed. Then E is weak X-spectral
for A(G) if and only if E is weak XH -spectral for A(H).
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of [12, Theorem 3.1]. Suppose E is a weak X-spectral set. If v ∈ IA(H)(E), then there exists
a u ∈ A(G) such that ru = v. Hence by [12, Theorem 3.1], u ∈ IA(G)(E). By hypothesis there
exists an n ∈ N such that un ∈ JX
A(G)
(E). Again by [12, Theorem 3.1], vn = run ∈ JXH
A(H)
(E).
Hence E is a weak XH -spectral for A(H) and ξXH (E) ξX(E). The converse part is proved in
the same way. This completes the proof. 
Corollary 3.7. With notations as in the previous theorem, E is of weak synthesis for A(G) if and
only if it is of weak synthesis for A(H).
Proof. Take X = VN(G) in the theorem.
We now turn to quotients. Let K be a compact subgroup of G. We consider the Fourier algebra
on the homogeneous space G/K defined and studied by Forrest [4]. For u ∈ A(G) define
Qu(x) =
∫
K
u(xk)dk
where dk denotes the normalised Haar measure on K . Then Q is a projection and its range
A(G : K) consists of functions in A(G) that are constant on left cosets of K . Its dual VN(G : K)
is the weak-∗ closure of L1(G : K) (integrable functions on G that are constant on cosets of K)
in VN(G). Functions u in A(G : K) are identified with continuous functions u˜ on the quo-
tient space G/K : u˜(π(x)) = u(x), where π :G → G/K is the canonical map. Then A(G/K)
is defined as {˜u: u ∈ A(G : K)} with ‖u˜‖A(G/K) = ‖u‖A(G:K). This way, A(G/K) is a commu-
tative, semisimple, regular Banach algebra with (A(G/K)) = G/K . The dual VN(G/K) of
A(G/K) is identified with VN(G : K) in the obvious way. The map ψ :A(G : K) → A(G/K),
ψ(u) = u˜, is an isomorphism. Consider the map ψ ◦ Q :A(G) → A(G/K), and the adjoint
(ψ ◦ Q)∗ = Q∗ ◦ ψ∗ : VN(G/K) → VN(G). For an A(G)-submodule X of VN(G), define
XK = (ψ ◦Q)∗−1(X). It is an A(G/K)-submodule of VN(G/K). 
Theorem 3.8 (Inverse projection theorem for weak X-spectral sets). Let E˜ be a closed set
in G/K . If π−1(E˜) is a weak X-spectral set for A(G), then E˜ is a weak XK -spectral for
A(G/K). In particular, E˜ is a set of weak synthesis for A(G/K) provided π−1(E˜) is a set
of weak synthesis for A(G).
Proof. Let ξX(π−1(E˜)) = n. By Proposition 3.3 it is enough to prove that if u˜ ∈ IA(G/K)(E˜),
T˜ ∈ XK and supp T˜ ⊆ E˜ then 〈T˜ , u˜n〉 = 0. Since T˜ ∈ XK , (ψ ◦ Q)∗(T˜ ) ∈ X by definition and
supp(ψ ◦ Q)∗(T˜ ) ⊆ π−1(E˜) by [12, Lemma 3.4] and u˜ ◦ π = u ∈ IA(G)(π−1(E˜)). Therefore
〈(ψ ◦Q)∗(T˜ ), un〉 = 0. This implies that 〈T˜ , u˜n〉 = 0. Hence the theorem follows with ξXK (E˜)
ξX(π
−1(E˜)). 
Definition 3.9. Let X be an A(G)-submodule of VN(G). A closed subset E of G is called an
X-Ditkin set for A(G) if for every S ∈ X and u ∈ IA(E), there is a sequence (vn) in jA(E) such
that 〈S,u〉 = lim〈S, vnu〉.
Proposition 3.10. A closed set E ⊆ G is an X-Ditkin set if and only if given T ∈ X and u ∈ IA(E)
there is a v ∈ jA(E) such that 〈T ,u〉 = 〈T ,vu〉.
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converse being trivial, the proposition is proved. 
This leads us to the following definition.
Definition 3.11. Let X be an A(G)-submodule of VN(G). A closed subset E of G is called a
weak X-Ditkin set for A(G) if there exists an n ∈ N such that for every T ∈ X and u ∈ IA(E),
there is a v ∈ jA(E) such that 〈T ,un〉 = 〈T ,unv〉. Weak VN(G)-Ditkin sets are simply called
weak Ditkin sets.
Theorem 3.12. Let G be a locally compact group and X an A(G)-submodule of VN(G). Suppose
that E1 and E2 are closed subsets of G such that E1 ∩E2 is a weak X-Ditkin set. Then E1 ∪E2
is weak X-spectral set if and only if both E1 and E2 are weak X-spectral sets.
Proof. The proof here is an adaptation of the proof in [9, Theorem 2.9]. Suppose E1 and E2 are
weak X-spectral for A(G) with ξX(E1) = m, ξX(E2) = n. Let T ∈ X and suppT ⊆ E1 ∪ E2.
Let u ∈ IA(E1 ∪ E2). Then umn ∈ IA(E1 ∪ E2) and umn ∈ IA(E1 ∩ E2). Since E1 ∩ E2 is
weak X-Ditkin, there exists a v ∈ jA(E1 ∩ E2) and an l ∈ N such that 〈T ,umnl〉 = 〈T ,umnlv〉.
Since v has compact support disjoint from E1 ∩ E2, there are compact sets F1 and F2 such
that supp(v.T ) ⊆ F1 ∪ F2 and Fj ⊆ Ej \ (E1 ∩ E2), j = 1,2. Since A(G) is regular, there
exist vj ∈ A(G) with compact support such that vj = 1 on a neighbourhood of Fj and
suppv1 ∩ suppv2 = ∅. Then (v1 + v2)v.T = v.T since v1 + v2 = 1 on some neighbourhood
of F1 ∪F2. Moreover, supp(vj v).T ⊆ Ej and vjv.T ∈ X since X is an A(G)-submodule. By the
assumption, 〈v1v.T ,umnl〉 = 0 and 〈v2v.T ,umnl〉 = 0. For,〈
v1v.T ,u
mnl
〉= 〈v1v.T , (uln)m〉
= 0
because v1v.T ∈ X and supp(v1v).T ⊆ E1. Similarly 〈v2v.T ,umnl〉 = 0. Now,〈
T ,umnl
〉= 〈T ,umnlv〉
= 〈vT ,umnl 〉
= 〈(v1 + v2)v.T ,umnl 〉
= 〈v1v.T ,umnl 〉+ 〈v2v.T ,umnl 〉
= 0.
Therefore E1 ∪E2 is weak X-spectral with ξX(E1 ∪E2) lmn.
Conversely, suppose E1 ∪ E2 is weak X-spectral with ξX(E1 ∪ E2) = l and let T ∈ X,
suppT ⊆ E1 and u ∈ IA(E1). Since E1 ∩ E2 is weak X-Ditkin, 〈T ,ukl〉 = 〈T ,vukl〉 for some
v ∈ jA(E1 ∩E2) and k ∈ N. Since supp(v.T ) is a compact set contained in E1 \E2, there exists
a w ∈ A(G) such that w = 1 on a compact neighbourhood of supp(v.T ) and w = 0 on E2. Since
ulk ∈ IA(E1), (wu)lk ∈ IA(E1 ∪E2) and v.T = wlkv.T . Now, since v.T ∈ X, suppT ⊆ E1 ∪E2
and E1 ∪E2 is of weak X-synthesis,〈
T ,ulk
〉= 〈vT ,ulk 〉
= 〈vT , (wu)lk 〉
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= 0.
Hence E1 is weak X-spectral with ξX(E1) kl. Similarly E2 is also a weak X-spectral set. 
The case X = VN(G) of the theorem gives the following corollary.
Corollary 3.13. Suppose E1, E2 are closed subsets of G such that E1 ∩E2 is a weak Ditkin set
for A(G). Then E1 ∪E2 is of weak synthesis for A(G) if and only if both E1 and E2 are of weak
synthesis.
4. Weak synthesis in A(G) and A(G×G)
From this section onwards, we suppose that G is a compact group. Consider the map
R :A(G×G) → A(G) defined by Rv(s) = v(s, e). Then R is a surjective homomorphism. Since
u⊗ v ∈ A(G×G) for u,v ∈ A(G), we can define
M1,M2 :A(G) → A(G×G), by M1u = u⊗ 1, M2u = 1 ⊗ u.
Then M1 and M2 are isometric homomorphisms. Let X be an A(G)-submodule of VN(G). Then
Y iX =
{
S ∈ VN(G×G): vS ◦Mi ∈ X for all v ∈ A(G×G)
}
are A(G×G)-submodules of VN(G×G), i = 1,2.
Lemma 4.1. With notation as above, suppR∗(T ) ⊆ suppT × {e}.
Proof. Let (x, y) ∈ suppR∗(T ) and u ∈ A(G),u(x) = 0. Then u ⊗ 1(x, y) = u(x) = 0. Hence
there exists a nonzero function v in A(G×G) such that 0 = 〈(u⊗1)R∗(T ), v〉 = 〈uT ,Rv〉. This
implies that uT = 0. That is, x ∈ suppT .
If y = e, choose u0 ∈ A(G) with u0(e) = 0, u0(y) = 1. Observe that 1 ⊗ u0 ∈ A(G×G) and
1 ⊗ u0(x, y) = 1 = 0. We claim that 1 ⊗ u0.R∗(T ) = 0. For v ∈ A(G×G),〈
1 ⊗ u0.R∗(T ), v
〉= 〈R∗(T ),1 ⊗ u0.v〉
= 〈T ,R(1 ⊗ u0).R(v)〉
= 0
since R(1 ⊗ u0)(t) = 1 ⊗ u0(t, e) = u0(e) = 0. This proves the lemma. 
For x0, y0 ∈ G define Lx0,Ry0 :A(G × G) → A(G) by Lx0u(t) = u(x0, t), Ry0u(t) =
u(t, y0).
Lemma 4.2. With notation as above, suppL∗x0(T ) ⊆ {x0}× suppT and suppR∗y0(T ) ⊆ suppT ×{y0}.
Proof. Exactly analogous to the proof of Lemma 4.1. 
We are now ready to prove the following result on the relation between spectral synthesis in
A(G) and A(G×G).
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of G. If E1 × E2 is a weak Y iX-spectral set for A(G × G), then Ei is a weak X-spectral setfor A(G).
Proof. Let T ∈ X, suppT ⊆ E1, y0 ∈ E2 and u ∈ IA(G)(E1). Then R∗y0(T ) ∈ Y 1X . For v ∈ A(G×
G), u ∈ A(G)〈
vR∗y0(T ) ◦M1, u
〉= 〈vR∗y0(T ),M1u〉
= 〈R∗y0(T ), vM1u〉
= 〈T ,Ry0(vM1u)〉
= 〈T ,Ry0vRy0(M1u)〉
= 〈T ,Ry0vu〉
= 〈Ry0vT ,u〉.
This implies that vR∗y0(T ) ◦ M1 = Ry0vT ∈ X, since T ∈ X and X is an A(G)-submodule of
VN(G).
By Lemma 4.2 above suppR∗y0T ⊆ E1 ×E2. Also, if u ∈ IA(E1), then u⊗1 ∈ IA(G×G)(E1 ×
E2). Hence, since E1 ×E2 is weak Y 1X-spectral, for some n ∈ N
0 = 〈R∗y0(T ), (u⊗ 1)n〉
= 〈R∗y0(T ),un ⊗ 1〉
= 〈T ,un〉.
This implies that E1 is weak X-spectral for A(G). In the same way, using Lx0 with x0 ∈ E1 in
place of Ry0 , we get the other part of the theorem. 
Corollary 4.4. Suppose E1, E2 are nonempty, closed subsets of G such that E1 ×E2 is of weak
synthesis for A(G×G). Then each of E1 and E2 is of weak synthesis for A(G).
Proof. This is the case X = VN(G) of Theorem 4.3. 
In the abelian case, this corollary can be found in [15] and [11].
It is well known that the operator space tensor product A(G) ⊗̂ A(G) can be identified with
A(G×G) (see Effros and Ruan [2]).
Let x ∈ G. Consider the maps h1x :A(G) ⊗̂ A(G) → A(G) defined by u ⊗ v → u(x)v and
h2x :A(G) ⊗̂ A(G) → A(G) defined by u ⊗ v → v(x)u. (Such maps have been considered by
Kaniuth [7] for projective tensor products of commutative Banach algebras.) Let Y be an A(G×
G)-submodule of VN(G×G). Take
XiY =
⋂
x∈G
{
hix
∗−1
(Y )
}
, i = 1,2; XY = X1Y ∩X2Y .
These are A(G)-submodules of VN(G) as the following lemma shows.
Lemma 4.5. Let u ∈ A(G) and x ∈ G. Then
(i) h1x∗(u.S) = (1 ⊗ u)h1∗x (S) for S ∈ X1Y ,
(ii) h2∗(u.S) = (u⊗ 1)h2∗(S) for S ∈ X2 .x x Y
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h1x
∗
(u.S), v ⊗w〉= 〈u.S,h1x(v ⊗w)〉
= 〈u.S, v(x)w〉
= 〈S, v(x)uw〉
= 〈S,h1x[(1 ⊗ u)(v ⊗w)]〉
= 〈h1x∗(S), (1 ⊗ u)(v ⊗w)〉
= 〈(1 ⊗ u)h1x∗(S), v ⊗w〉.
Therefore (i) is proved. The proof of (ii) is similar. 
Theorem 4.6. Let E, F be nonempty closed subsets of G and let Y be an A(G×G)-submodule
of VN(G×G). If E × F is a weak Y -spectral set for A(G×G), then E is a weak X2Y -spectral
set, F is a weak X1Y -spectral set and E, F are both weak XY -spectral sets for A(G).
Proof. Suppose E × F is weak Y -spectral and let n = ξY (E × F). Let S ∈ X2Y , suppS ⊆ E,
and u ∈ IA(G)(E). Let y ∈ F . Then h2y∗(S) ∈ Y and we claim that supph2y∗(S) ⊆ E ×F . For, let
v ∈ JA(G×G)(E × F). Then there exist vj ∈ jA(G×G)(E × F) such that vj → v in A(G × G).
Now h2y(j (E × F)) ⊆ j (E); Lemma 1.1 of [7] goes through in this case. So〈
h2y
∗
(S), v
〉= lim
j
〈
h2y
∗
(S), vj
〉
= lim
j
〈
S,h2y(vj )
〉
= 0.
Thus supph2y
∗
(S) ⊆ E × F . Now we have (u ⊗ 1)n ∈ IA(G×G)(E × F). By hypothesis
〈h2y∗(S), (u⊗ 1)n〉 = 0. Hence
0 = 〈S,h2y(u⊗ 1)n〉
= 〈S,un1(y)〉
= 〈S,un〉.
Hence E is weak X2Y -spectral for A(G) with ξX2Y (E) n. The proof of the second assertion is
similar and the last assertion is a consequence of the first two. 
5. Weak synthesis in A(G) and V (G)
Let G be a compact group. We consider the G-action and the induced L1(G)-action on V (G):
For t ∈ G,w ∈ V (G) and f ∈ L1(G)
t.w(x, y) = w(xt, yt), x, y ∈ G and f.w =
∫
f (t)t.w dt.
P defined, for w ∈ V (G), by
Pw(x, y) =
∫
w(xt, yt) dtG
K. Parthasarathy, R. Prakash / Bull. Sci. math. 134 (2010) 561–578 571is a contractive projection
V (G) → Vinv(G) :=
{
w ∈ V (G): w(xt, yt) = w(x,y) for x, y, t ∈ G},
N :A(G) → Vinv(G)
defined by Nu(x, y) = u(xy−1) is an isometric isomorphism of A(G) onto Vinv(G). For more
details on these see [18,12].
For an A(G)-submodule X of VN(G), define
XV =
{
S ∈ V (G)∗: (w.S) ◦N ∈ X for all w ∈ V (G)}.
It is clear that XV is a V (G)-submodule of V (G)∗. Conversely, for a V (G)-submodule Y of
V (G)∗, define
YA =
{
T ∈ VN(G): (u.T ) ◦N−1 ◦ P ∈ Y for all u ∈ A(G)}.
YA is an A(G)-submodule of VN(G).
In the case of X-synthesis, the following result is given in [12]. For E ⊆ G we define E∗ =
{(x, y) ∈ G×G: xy−1 ∈ E}.
Theorem 5.1. Let X be an A(G)-submodule of VN(G) and let Y = XV be the associated V (G)-
submodule of V (G)∗. Then a closed subset E of G is a set of weak X-synthesis for A(G) if and
only if E∗ is a set of weak XV -synthesis for V (G). Moreover, ξX(E) = ξXV (E∗).
Proof. The basic ideas of the proof are from [18] and [12], so we only give a sketch. Sup-
pose E∗ is of weak XV -synthesis with ξXV (E∗) = m and let u ∈ IA(G)(E). Then by [12,
Lemma 5.3] Nu ∈ IV (G)(E∗). This implies that Num = (Nu)m ∈ JYV (G)(E∗). Hence, again
by [12, Lemma 5.3], um ∈ JX
A(G)
(E). Therefore E is a weak X-spectral set for A(G) with
ξX(E)m.
Conversely, suppose E is of weak X-synthesis with ξX(E) = n. By Proposition 3.3, it is
enough to prove that w1w2 . . .wn ∈ JYV (G)(E∗) whenever wl ∈ IV (G)(E∗), l = 1, . . . , n. Then,
with notations as in [18,12], w˜lπij := uπij .w˜l ∈ IV (G)(E∗) and w˜lπij ∈ Vinv(G). Hence w˜lπij = Nηlij ,
where ηlij ∈ IA(G)(E) (i, j = 1,2, . . . , dπ ) by [12, Lemma 5.3]. Thus we get, successively,
ηli1j1 . . . η
l
injn
∈ JXA(G)(E),
w˜lπi1j1w˜
lπ
i2j2
. . . w˜lπinjn = Nηli1j1 . . .Nηlinjn = N
(
ηli1j1 . . . η
l
injn
) ∈ JYV (G)(E∗).
Then we have wlπi1j1w
lπ
i2j2
. . .wlπinjn ∈ JYV (G)(E∗), because
wlπipjp =
dπ∑
k=1
(
uˇπipk ⊗ 1
)
w˜πkjp , p = 1,2, . . . n.
Now choosing an appropriate approximate identity and arguing as in [18] and [12], we conclude
that
∏n
l=1 wl ∈ JYV (G)(E∗). Hence E∗ is weak XV -spectral for V (G) and ξXV (E∗) n. 
The choice X = VN(G) in the theorem yields the following result. For sets of synthesis, it is
found in [22] and [18].
Corollary 5.2. A closed set E ⊆ G is of weak synthesis for A(G) if and only if E∗ is of weak
synthesis for V (G).
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In this final section, we continue to assume that G is compact and study some aspects of sets of
operator synthesis and operator Ditkin sets. More specifically, we look at the union of two sets of
operator synthesis, a relation between Ditkin sets and operator Ditkin sets and a relation between
weak spectral synthesis and weak operator synthesis. We begin with the required preliminary
concepts and results.
Spronk and Turowska [18] proved that the map N˜ :A(G) → T (G) defined, for marginally
almost all (x, y) ∈ G×G, by N˜u(x, y) = u(xy−1) gives an isometry of A(G) onto
Tinv(G) :=
{
ω ∈ T (G): t.ω = ω for all t ∈ G},
where t.ω(x, y) = ω(xt, yt) for marginally almost all (x, y) in G×G and that P˜ ω = ∫
G
t.ω dt
gives a projection of T (G) onto Tinv(G). We also have a contraction Q˜ :T (G) → A(G) given by
Q˜ω(x) = ∫
G
ω(xt, t) dt and this map has the property that Q˜(N˜u) = u for all u ∈ A(G).
V∞(G) acts on B(L2(G)) = T (G)∗ via the dual action: For w ∈ V∞(G) and S ∈ B(L2(G)),
〈w.S,ω〉 = 〈S,mwω〉, ω ∈ T (G). For an A(G)-submodule X of VN(G), we consider the associ-
ated V∞(G)-submodule of B(L2(G)):
X̂ = {S ∈ B(L2(G)): w.S ◦ N˜ ∈ X for all w ∈ V∞(G)}
introduced in [13]. In the opposite direction with any V∞(G)-submodule M of B(L2(G)) we
associate an A(G)-submodule Mˇ of VN(G) by defining
Mˇ = {T ∈ VN(G): u.T ◦ N˜−1 ◦ P˜ ∈ M for all u ∈ A(G)}.
We then have ˇ̂X = X [13].
For an operator S ∈ B(L2(G)), the operator support of S, suppop S, is defined as the set of
ordered pairs (x, y) ∈ G×G such that, for arbitrary neighbourhoods U of x and V of y, there are
f,g ∈ L2(G) with suppf ⊂ V , suppg ⊂ U and 〈Sf,g〉 = 0. Here suppf = {x ∈ G: f (x) = 0}.
It is known that suppop S is a closed set in G×G.
If M is a V∞(G)-submodule of B(L2(G)), let
ΦM(F ) = {ω ∈ T (G): 〈S,ω〉 = 0 for any S ∈ M ∩Φ(F)⊥},
Ψ M(F ) = {ω ∈ T (G): 〈S,ω〉 = 0 for any S ∈ M ∩Ψ (F)⊥}.
These sets are closed V∞(G)-submodules of T (G).
In [13] we introduced, for M as above, the concept of a set of M-operator synthesis or
M-synthetic sets: a closed set F ⊆ G × G is a set of M-operator synthesis if 〈S,ω〉 = 0 for
ω ∈ Φ(F) and S ∈ M with suppop S ⊆ F . It was proved in [13] that a closed set F ⊆ G×G is
M-synthetic if and only if ΦM(F ) = Ψ M(F ).
Definition 6.1. Let M be a V∞(G)-submodule of B(L2(G)). A closed set F ⊆ G×G is called
an M-Ditkin set if for every ω ∈ Φ(F) there is a sequence (wn) in ψ00(F ) := {w ∈ V∞(G):
w = 0 on a neighbourhood of F } such that 〈S,wn.ω〉 → 〈S,ω〉 for every S ∈ M. If the se-
quence (wn) is bounded and is independent of ω ∈ Φ(F) and S ∈ M, then F is called a strong
M-Ditkin set. The defining condition for an M-Ditkin set is equivalent to the following: if
ω ∈ Φ(F) there is a w0 ∈ ψ00(F ) such that 〈S,ω〉 = 〈S,w0.ω〉 for S ∈ M.
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Theorem 6.2. Let F1, F2 be closed sets in G × G and let M be a V∞(G)-submodule of
B(L2(G)). Suppose F1 ∩ F2 is an M-Ditkin set. Then F1 ∪ F2 is M-synthetic if and only if
both F1 and F2 are M-synthetic.
Proof. Suppose first that F1 and F2 are M-synthetic. Let ω ∈ Φ(F1 ∪ F2) and let S ∈ M
with suppop S ⊆ F1 ∪ F2. Since F1 ∩ F2 is an M-Ditkin set there is a w0 ∈ ψ00(F1 ∩ F2)
such that 〈S,ω〉 = 〈S,w0.ω〉. As w0 vanishes in a neighbourhood of F1 ∩ F2, w0.S is sup-
ported in F1F2 and there are compact sets K1 and K2 such that suppop w0.S = K1 ∪ K2
with Ki ⊆ Fi \ F1 ∩ F2. Choose disjointly supported w1,w2 ∈ V (G) ⊂ V∞(G) with wi = 1
near Ki . Then suppwiw0.S ⊆ Fi and (w1 + w2)w0.S = w0.S. Since M is a V∞(G)-module,
wiw0.S ∈ M. As Fi is M-synthetic, 〈wiw0.S,ω = 0〉 and consequently 〈S,ω〉 = 〈w0.S,ω〉 =
〈(w1 +w2)w0.S,ω〉 = 0. Therefore F1 ∪ F2 is M-synthetic.
Conversely, suppose that F1 ∪ F2 is M-synthetic. Let ω ∈ Φ(F1) and S ∈ M with
suppop S ⊆ F1. Since F1 ∩ F2 is M-Ditkin, there is a w0 ∈ ψ00(F1 ∩ F2) such that 〈S,ω〉 =
〈S,w0.ω〉. Then suppop w0S ⊆ F1 \F2 and there is a w ∈ V (G) such that w = 1 near suppop w0S
and w vanishes on F2. Thus ww0S = w0S and 〈S,ω〉 = 〈S,w0.ω〉 = 〈S,ww0ω〉 = 0 since
ww0.ω ∈ Φ(F1 ∪ F2) and F1 ∪ F2 is M-synthetic. The proof is complete. 
Definition 6.3. With notation as in Definition 3.9, E is called a strong X-Ditkin set if there is
a bounded, uniform sequence (vn) in jA(E) such that 〈S,u〉 = lim〈S, vnu〉 for all u ∈ IA(G)(E)
and S ∈ X.
The next result is inspired by Theorem 5.4 of Ludwig and Turowska [10] who consider the
case X = VN(G) with weaker conclusions but for groups which are not necessarily compact.
Theorem 6.4. Let E ⊆ G be closed and let X be an A(G)-submodule of VN(G). If E is a strong
X-Ditkin set then E∗ is a strong X̂-Ditkin set and if E∗ is a strong X̂-Ditkin then E is a strong
X-Ditkin set.
Proof. Suppose E is a strong X-Ditkin set and fix a bounded, uniform sequence (un) in jA(G)(E)
such that 〈S,unu〉 → 〈S,u〉 for u ∈ IA(G)(E) and S ∈ X. Take wn = N˜un. Then, from the proof
of Theorem 4.6 of [18], we get wn ∈ ψ(E∗). Note also, since G is compact, [17, Corollary 5.4]
implies that wn ∈ V∞(G). We show that 〈S,wnω〉 → 〈S,ω〉 for ω ∈ Φ(E∗) and S ∈ X̂. So, let
S ∈ X̂ and suppose, first, that ω ∈ Φ(E∗) ∩ Tinv(G). Then u := N˜−1ω belongs to IA(G)(E) by
Lemma 4.1 of [13]. Then S ◦ N˜ ∈ X and so 〈S ◦ N˜, unu〉 → 〈S ◦ N˜, u〉 = 〈S,ω〉. But 〈S ◦ N˜,
unu〉 = 〈S,wnω〉, proving the claim in the case considered.
Next consider the general case of an arbitrary ω ∈ Φ(E∗). Let uπij be the matrix coeffi-
cients of π ∈ Ĝ, and, as in [18, Theorem 4.6] and [13, Theorem 4.6], consider ωπij = uπij .ω and
ω˜πij =
∑
k(u
π
ik ⊗ 1).ωπkj ∈ Φ(E∗) ∩ Tinv(G). Hence, by the previous paragraph, 〈S,wn.ω˜πij 〉 →
〈S, ω˜πij 〉. But ωπij =
∑
k(uˇ
π
ik ⊗ 1).ω˜πkj and so 〈S,wn.ωπij 〉 → 〈S,ωπij 〉. Choosing an approximate
identity (uα) in the linear span of all the matrix coefficients uπij , we have ω = limuα.ω and〈S,wn.(uα.ω)〉 → 〈S,uα.ω〉 for each α. Now
〈S,wn.ω〉 − 〈S,ω〉 = 〈S,wn.ω〉 −
〈
S,wn.ω
′〉+ 〈S,wn.ω′〉− 〈S,ω′〉+ 〈S,ω′〉− 〈S,ω〉.
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differences above are small in absolute value. Then, for this ω′, the absolute value of the second
difference is small for all sufficiently large n. This means that the left-hand side converges to
zero as n → ∞. This completes the proof of the first part of the theorem.
To prove the second part, assume that E∗ is a strong X̂-Ditkin set and fix a bounded, uniform
sequence (wn) in ψ00(E∗) such that 〈S,wn.ω〉 → 〈S,ω〉 for ω ∈ Φ(E∗) and S ∈ X̂. We have to
show that E is a strong X-Ditkin set. Take un = Q˜(Jwn). Then un ∈ jA(G)(E) (see the proof
of Lemma 4.1 in [13]). Let u ∈ IA(G)(E) and S ∈ X. Then S ◦ N˜−1 ◦ P˜ ∈ X̂ by definition and
N˜u ∈ Φ(E∗) by [13, Lemma 4.1]. Thus
〈S,u〉 = 〈S ◦ N˜−1 ◦ P˜ , N˜u〉
= lim〈S ◦ N˜−1 ◦ P˜ ,wn.N˜u〉
= lim〈S ◦ N˜−1, P˜ (wn.N˜u)〉
= lim〈S ◦ N˜−1, P˜ (Jwn)N˜u〉
= lim〈S ◦ N˜−1, N˜vn.N˜u〉
= lim〈S, vnu〉
where N˜vn = P˜ (Jwn). But vn = Q˜N˜vn = Q˜P˜ (Jwn) whereas
Q˜P˜ (Jwn)(x) =
∫
G
P˜ (Jwn)(xs, s) ds
=
∫
G
∫
G
wn(xst, st) dt ds
=
∫
G
∫
G
wn(xst, st) ds dt
=
∫
G
∫
G
wn(xs, s) ds dt
= Q˜(Jwn)(x)
= un(x).
Thus vn = un and we have proved the required result that 〈S,unu〉 converges to 〈S,u〉. The proof
of the theorem is complete. 
We now would like to generalise the concept of M-synthetic sets and define weak M-
synthetic sets. However, since T (G) may not be closed under products, we cannot directly imitate
the definition of weak spectral synthesis. To facilitate the formulation of the definition, we intro-
duce the following set:
ψ0(F ) =
{
w ∈ V∞(G): Jw = 0 on F}= {w ∈ V∞(G): Jw ∈ Φ(F)}.
Before giving the required definition, we note the following lemma.
Lemma 6.5. w.S = Tw(S) for w ∈ V∞(G) and S ∈ B(L2(G)).
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L2(G)
〈w.Sf,g〉 = 〈w.S,f ⊗ g¯〉
= 〈S,mw(f ⊗ g)〉
=
〈
S,
∑
ψif ⊗ ϕig¯
〉
=
∑
〈SMψif,Mϕ¯i g〉
=
∑
〈MϕiSMψif, g〉
= 〈Tw(S)f,g〉.
Hence the lemma is proved. 
Proposition 6.6. For a closed set F in G×G the following are equivalent:
(i) F is operator synthetic.
(ii) Tw(S) = 0 whenever S ∈ B(L2(G)) with suppop S ⊂ F and w ∈ ψ0(F ).
(iii) 〈S,ω〉 = 0 whenever S ∈ B(L2(G)) with suppop S ⊂ F and ω ∈ Φ(F).
Further, (ii) implies the following condition:
(iv) 〈S,Jw〉 = 0 whenever S ∈ B(L2(G)) with suppop S ⊂ F and w ∈ ψ0(F ).
Proof. The equivalence of (i) and (ii) is Proposition 4.3 of Spronk and Turowska [18]. Theo-
rem 4.6 of Shulman and Turowska [19] gives that (i) and (iii) are equivalent (see also Lemma 3.2
of Parthasarathy and Prakash [13]). Next assume (ii). Let S ∈ B(L2(G)) with suppop S ⊂ F and
let w ∈ ψ0(F ). Then
〈S,Jw〉 = 〈wS,1 ⊗ 1〉
= 〈TwS,1 ⊗ 1〉
= 0.
This shows that (ii) implies (iv). 
Lemma 6.7. V∞inv(G) can be identified with Tinv(G).
Proof. By Proposition 4.5 of Spronk and Turowska [18], Tinv(G) = N˜(A(G)). On the other
hand, Spronk has constructed a complete isometry u → uG of B(G) with V∞inv(G) for any
amenable locally compact group G [17, Corollary 5.4]. With our current notation, the inverse
of this identification is N˜ . Since we have assumed G to be compact, B(G) = A(G) and each of
V∞inv(G) and Tinv(G) is identified with N˜(A(G)). The lemma follows. 
Definition 6.8. Let M be a V∞(G)-submodule of B(L2(G)). A closed set F of G × G is
said to be weak M-synthetic if there is a positive integer n such that w1 . . .wn.S = 0 whenever
wi ∈ ψ0(F ) and S ∈ M is supported in F . In that case, let ξ∗M(F ) denote the least such n. When
M = B(L2(G)), we simply say that F is weak operator synthetic.
576 K. Parthasarathy, R. Prakash / Bull. Sci. math. 134 (2010) 561–578Lemma 6.9. For a closed set F ⊆ G×G, the subspace
φ0(F ) = span
{
wω: w ∈ ψ0(F ), ω ∈ T (G)
}
is dense in Φ(F).
Proof. It suffices to show that φ0(F )⊥ = Φ(F)⊥. Since it is clear that φ0(F ) ⊆ Φ(F), the in-
clusion φ0(F )⊥ ⊇ Φ(F)⊥ holds. To prove the reverse inclusion, observe that, by Shulman and
Turowska [20, Proposition 5.3], we have
Φ(F)⊥ = {S ∈ B(L2(G)): w.S = 0 for all w ∈ ψ0(F )}.
We assume that S ∈ φ0(F )⊥ and prove w.S = 0 for all w ∈ ψ0(F ). So let w ∈ ψ0(F ). Then, for
all ω ∈ T (G), we have 〈w.S,ω〉 = 〈S,w.ω〉 = 0 since w.ω ∈ φ0(F ) and S ∈ φ0(F )⊥. 
Our definition of weak M-operator synthesis coincides with M-synthesis when n = 1, as the
next result shows.
Corollary 6.10. F is an M-synthetic set if and only if it is a weak M-synthetic set with
ξ∗M(F ) = 1.
Theorem 6.11. Let X be an A(G)-submodule of VN(G). A closed subset E of G is weak X-
spectral for A(G) if and only if E∗ is weak X̂-synthetic. Further, ξX(E) = ξ ∗̂X(E∗). In particular,
E is of weak spectral synthesis for A(G) if and only if E∗ is of weak operator synthesis.
Proof. We identify V∞inv(G) and Tinv(G) as in Lemma 6.7 above. In particular, we also consider
N˜u to be an element of V∞inv(G) for u ∈ A(G).
Suppose first that E∗ is weak X̂-synthetic with ξ ∗̂
X
(E∗) = n. Let ui ∈ IA(E), i = 1, . . . , n.
Then, by Lemma 4.1 of Parthasarathy and Prakash [13] and the remark made at the beginning
of the proof, N˜ui ∈ ψ0(E∗). So, by the assumption on E∗, we have N˜u1 . . . N˜un.S = 0 if S ∈ X̂
and suppop S ⊆ E∗. Since 1 ⊗ 1 ∈ T (G), this implies 〈S, N˜(u1 . . . un)〉 = 0. This, in turn, gives
that N˜(u1 . . . un) ∈ Ψ X̂(E∗). Now [13, Lemma 4.3] shows that u1 . . . un ∈ JXA (E) and E is of
weak X-synthesis with ξX(E) ξ ∗̂X(E
∗).
Conversely, suppose E is weak X-spectral with ξX(E) = n. Let wi ∈ ψ0(E∗), i = 1, . . . , n.
First consider the case when each wi is also invariant. Then there is a (unique) ui ∈ A(G) with
wi = N˜ui . Since N˜ui ∈ Φ(E∗), it follows that ui ∈ IA(E), again by [13, Lemma 4.1]. By hy-
pothesis on E, we get u1 . . . un ∈ JXA (E) and hence u1 . . . un.v ∈ JXA (E) for any v ∈ A(G).
Now [13, Lemma 4.3] gives that N˜(u1 . . . un.v) ∈ Ψ X̂(E∗). Since Ψ X̂(E∗) is a V∞(G)-
submodule, N˜(u1 . . . un.v)w ∈ Ψ X̂(E∗) for any w ∈ V∞(G). Thus if S ∈ X̂ and suppop S ⊆ E∗,
then 0 = 〈S, N˜u1 . . . N˜un.N˜v.w〉 = 〈N˜u1 . . . N˜un.S, N˜v.w〉 for all v ∈ A(G) and w ∈ V∞(G).
This means that N˜u1 . . . N˜un.S = 0 on the V∞(G)-submodule M of T (G) generated by
{N˜v.w: v ∈ A(G), w ∈ V∞(G)}. Since 1 ⊗ 1 ∈ M, we have that null M is empty and so by
the Wiener Tauberian theorem of Shulman and Turowska [19, Corollary 4.3] we conclude that
M = T (G). In other words, w1 . . .wn.S = N˜u1 . . . N˜un.S = 0 which is the conclusion we are
looking for.
Now consider the general case: wl ∈ ψ0(E∗), l = 1, . . . , n, are arbitrary. Let uπij be the matrix
coefficients corresponding to π ∈ Ĝ and let wlπ = wl.uπ . Then as in [18, Theorem 4.6] (seeij ij
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∑
k muπik⊗1w
lπ
kj and conclude that w˜
lπ
ij ∈ Φ(E∗)∩Tinv(G).
Then, by Lemma 6.7 above, w˜lπij ∈ ψ0(E∗) ∩ V∞inv(G). By the special case considered in the
previous paragraph, we conclude that w˜1πij . . . w˜
nπ
ij .S = 0 when S ∈ X̂ and suppop S ⊆ E∗. Since
wlπij =
∑
k uˇ
π
ik ⊗ 1.w˜lπkj , the same conclusion holds when the w˜lπij are replaced with wlπij . An
approximate identity argument now concludes the proof that w1 . . .wnS = 0 when S ∈ X̂ and
suppop S ⊆ E∗. 
Here is an interesting consequence (see also [19, Theorem 4.8]).
Corollary 6.12. Let H be a closed subgroup of G. Then the set {(x, y) ∈ G×G: Hx = Hy} is
a set of operator synthesis.
Proof. A well-known result due to Takesaki and Tatsuuma [21, Theorem 3] says that H is a set
of spectral synthesis. In view of the theorem, it is now enough to observe that H ∗ = {(x, y) ∈
G×G: Hx = Hy}. 
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